In an external magnetic field, the energy of massless charge carriers in graphene is quantized into non-equidistant degenerate Landau levels including a zero-energy level. This extraordinary electronic dispersion gives rise to a fundamentally new dynamics of optically excited carriers. Here, we review the state of the art of the relaxation dynamics in Landau-quantized graphene focusing on microscopic insights into possible many-particle relaxation channels. We investigate optical excitation into a non equilibrium distribution followed by ultrafast carriercarrier and carrier-phonon scattering processes. We reveal that surprisingly the Auger scattering dominates the relaxation dynamics in spite of the non-equidistant Landau quantization in graphene. Furthermore, we demonstrate how technologically relevant carrier multiplication can be achieved and discuss the possibility of optical gain in Landau-quantized graphene. The provided microscopic view on elementary many-particle processes can guide future experimental studies aiming at the design of novel graphene-based optoelectronic devices, such as highly efficient photodetectors, solar cells, and spectrally broad Landau level lasers.
Motivation
With an ever-growing impact of technology on everyday life, the importance of semiconductor physics has constantly increased since the information revolution. Of particular interest is the field of optoelectronics enabling key technologies for modern communication. The fast techno-logical progress is accompanied by the demand for materials with new optical and electronic properties. One of the most promising materials in this regard is graphene [1] [2] [3] [4] , which was first grown epitaxially on top of SiC [5] , but it was not until Novoselov and Geim prepared samples by mechanical exfoliation and demonstrated a graphenebased field-effect transistor [6] in 2004 that it received wide-spread attention.
Graphene as a single layer of carbon atoms is the thinnest known two-dimensional material [3, 7] . It exhibits extraordinary optical, electronic, thermal, mechanical, and chemical properties [3] . In particular, its linear electronic dispersion in the low-energy regime near the Dirac points in the Brillouin zone is most remarkable. Here, electrons move as if they were massless, just like photons in quantum electrodynamics providing the possibility to test the predictions of relativistic quantum mechanics, such as Klein tunneling [8, 9] , in a small-scale table top experiment.
Besides the fascinating fundamental physics that can be explored in graphene, several optoelectronic applications were proposed [1] , ranging from ultrafast photodetectors [10] [11] [12] and lasers [13] [14] [15] , to solar cells [16, 17] , light-emitting devices [18] , and touch screens [19] . However, the question whether graphene can cope with the high expectations and make the way from the laboratory to real world applications remains to be answered. To exploit the full potential of this promising material, a thorough microscopic understanding of the ultrafast dynamics of optically excited charge carriers is crucial. This has been an area of active research for many years [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , and has revealed that carrier-carrier and carrier-phonon scattering lead to interesting graphene-specific ultrafast phenomena [38, 39] . In particular, the linear bandstructure of graphene enables Auger scattering [40] , an elastic Coulomb process changing the number of charge carriers in the system, that gives rise to a significant carrier multiplication [41] [42] [43] [44] . This process holds the potential to increase the power conversion efficiency of solar cells and facilitate the detection of photons [45] . Furthermore, in the strong excitation regime a population inversion emerges as a result of the relaxation bottleneck [31, 34, [46] [47] [48] sug-gesting the use of graphene as an active gain medium in a laser system [49] .
An external magnetic field provides an interesting experimental knob to tune electronic and optical properties of graphene including the dynamics of non-equilibrium carriers. In the presence of a magnetic field, the energy is quantized into a non-equidistant Landau level spectrum [50] [51] [52] [53] [54] giving rise to an anomalous quantum Hall effect [55, 56] . Moreover, a non-zero Berry's phase, which arises due to the linear dispersion, manifests itself in magneto-oscillations [56] . The observation of a number of interesting phenomena, such as the fractional quantum Hall effect [57, 58] , the Hofstadter butterfly [59] [60] [61] , a giant Faraday rotation [62] , the quantum ratchet effect [63] , and the presentation of a tunable terahertz detector [64] have attracted considerable research interest to Landauquantized graphene [65] . However, due to technological challenges and unlike in the case without a magnetic field, the carrier dynamics is widely unexplored under Landau quantization where only a few studies exist [66] [67] [68] [69] .
In this review, we present microscopic modeling of the carrier dynamics in Landau-quantized graphene based on the density matrix approach, which allows the investigation of many-particle-induced scattering channels on a microscopic footing. First, we describe the microscopic approach including the many-particle Hamilton operator, the coupling matrix elements, and the microscopic Bloch equations (Section II). Then, we present results based on this approach including the impact of carrier-carrier and carrier-phonon scattering (Section III). We show that surprisingly Coulomb-induced Auger scattering dominates the relaxation dynamics in Landau-quantized graphene. In a joint experiment-theory study involving polarizationdependent pump-probe measurements, we present the evidence for the crucial role of these scattering channels [70] . Furthermore, we show that carrier-phonon scattering becomes very efficient, if the energy of the involved optical phonons is in resonance with an inter-Landau level transition presenting the possibility to control this scattering channel by changing the external magnetic field [71, 72] . Finally, we present potential graphene-based applications based on the gained knowledge of the many-particle scattering processes (Section IV). We show that efficient Auger scattering can be exploited to achieve a significant carrier multiplication in Landau-quantized graphene [73] . Through this mechanism, the number of excited charge carriers increases much stronger than expected from optical excitation suggesting the design of novel ultrafast photodetectors or photovoltaic devices. Furthermore, we discuss the possibility to achieve a population inversion in Landau-quantized graphene presenting the prerequisite for Landau level lasers that are characterized by a strongly tunable laser frequency including the technologically relevant terahertz frequencies [74] .
Microscopic approach

Implementation of the magnetic field
The Lagrange function of an electron in a magnetic field [75] 
depends on the gauge invariant kinetic velocity v, and on the vector potential A(r) which generates the magnetic field via B = ∇ × A(r). In order to obtain a homogeneous magnetic field, which shall point into the z-direction B = (0, 0, B), the spatial dependence of A(r) is crucial. The vector potential A(r) is not unambiguously determined but depends on the chosen gauge. The Landau gauge A(r) = (0, Bx, 0) is advantageous for calculations as it transforms the Hamiltonian into the form of a one-dimensional harmonic oscillator, while the symmetric gauge A(r) = B/2 · (−y, x, 0) yields a Hamiltonian that can be identified as that of a two-dimensional harmonic oscillator [75] . The latter is mathematically more complex but describes the underlying physics in a more intuitive way, since one expects electrons in a strong magnetic field to perform cyclotron orbits which are oscillations in two dimensions. Furthermore, the symmetric gauge allows a convenient description in terms of angular momentum eigenfunctions. The canonical momentum p = −i ∇r is derived from the Lagrange function from Eq. (1) with p = ∇vL B providing a simple substitution rule: To accommodate for the magnetic field, one needs to replace the momentum p by the kinetic momentum π = m 0 v p → π(r) = p + e 0 A(r), (2) which yields the Hamiltonian via a Legendre transformation H B = π²/(2m 0 ). Note that the spatial dependence of the Hamiltonian H B destroys the translation invariance, with the result that neither the kinetic nor the canonical momentum commutes with H B meaning they are no longer conserved quantities. For electrons in a rigid ionic lattice, such as graphene, the situation is more complicated, since the potential of the positively charged atom cores V(r), obeying the periodicity V(r + R) = V(r), additively contributes to the Hamiltonian. In the absence of a magnetic field, the full Hamiltonian is symmetric under the translation by lattice vectors R, which is exploited to find the wave function of a particle in a periodic lattice potential. This is a simple Bloch wave Ψ(r) = e ik·R u(r) consisting of a phase e ik·R and a periodic function with the same periodicity of the lattice u(r + R) = u(r) [76] . In a magnetic field, the missing translation invariance of H B impedes the use of the Bloch solution [77] , which is only valid, if the translation operator T R = e ik·R commutes with the full Hamiltonian. Instead, a new momentum operator commuting with H B (π) is defined [78] π (r) = p − e 0 A(r),
allowing the construction of a magnetic translation operator T B,R = e iπ(r)·R/ [79, 80] . While the so called pseudomomentumπ commutes with the kinetic momentum π, its components do not commute [πx ,πy] = ie 0 Bz, and one finds
with the magnetic flux quantum ϕ 0 = h/e 0 . Therefore, the group of magnetic translation operators is non-abelian, with the consequence that the motion in a magnetic field induces an Aharanov-Bohm phase [81] . However, if B · R × R ′ yields a rational multiple of ϕ 0 , the periodicities of the by Rs, and k is restricted to a magnetic Brillouin zone. The construction of the magnetic superlattice is such that each unit cell of the superlattice intercepts precisely one magnetic flux quantum [83] . Note that while the Aharanov-Bohm phase results from the spatial dependence of the vector potential A(r) destroying the translation invariance of the Hamiltonian, the existence of a magnetic superlattice can be regarded to reflect the homogeneity of the magnetic field which implies that the orbit of an electron in a magnetic field (cyclotron orbit) is independent of its position. In fact, both concepts can be brought in line through a singular gauge transformation of the wave function transforming the vector potential A(r) in the Hamiltonian H B to a periodic vector potential Ap(r) with a periodicity that depends on the magnetic field [84] . Using this approach, the periodicity of the magnetic superlattice resulting from the homogeneity of the magnetic field becomes apparent in the Hamiltonian. Due to the existence of two different periodicities, each Bloch band splits up into a number of subbands, or equivalently, each Landau level splits up into different subbands with degenerate energies [60, 83, 85] . It is expedient to consider the lengths scales associated with the two periodicities, namely, the lattice constant a 0 and the magnetic length l B = √︀ /(e 0 B). For experimentally feasible magnetic fields and typical lattice spacings the condition a 0 ≪ l B applies, for example l B /a 0 ≈ 669 for B = 4 T in graphene. In this limit it is legitimized to start with the tight-binding description of the system, since the deformation of the atomic orbitals due to the external field is negligible. Then, the magnetic field is introduced via the substitution Eq. (2) which in this context is called Peierls substitution [65, 77, [86] [87] [88] . The limit of weak magnetic fields exhibits a negligible Landau level splitting due to the crystal lattice [89] , which is interpreted as the cyclotron motion of the electron not being considerably disturbed by the underlying lattice.
Electronic dispersion in Landau-quantized graphene
Graphene as a single layer of graphite is a perfect twodimensional material consisting of carbon atoms arranged in a honeycomb lattice. The four valence electrons of each carbon atom in graphene are sp 2 -hybridized and covalently bonded to its three neighbors. Three strong σ-bonds hold the material together and lead to the planar honeycomb lattice, while the remaining valence electron forms a π-bond. The low-energy electronic properties of graphene turn out to be captured in good approximation by a simple tight-binding approach for the π-electrons from the 2p zorbitals [7] .
The Bravais lattice of graphene is hexagonal with two carbon atoms (A and B) in the unit cell, cf. Fig. 1a . The resulting honeycomb lattice is therefore comprised of two equivalent hexagonal sublattices A and B. The unit cell is spanned by the primitive lattice vectors a 1 = a 0 (1, 0) and a 2 = a 0 /2(1, √ 3) with the lattice constant a 0 = 0.2461 nm [90] . The connecting vectors from a carbon atom in sublattice A to its three neighboring carbon atoms (in sublattice B) are given by b 1 = a 0 /2(1, 1/ Before the magnetic field is introduced via the Peierls substitution, an effective Hamiltonian is derived. The assumption that the relevant π-electrons are localized at the carbon sites legitimizes a tight-binding ansatz for the wave function
consisting of two parts for the two equivalent sublattices A and B with the corresponding coefficients c A and c B .
Here, the sum is understood to be taken over all N sublattice sites R l of the sublattice l ∈ {A, B}, and ϕ is the 2p z -orbital with an effective atomic charge Z * = 4.6 [39] .
The coefficients c l and the dispersion relation ϵ(k) are obtained by solving the Schrödinger equation HΨ = ϵΨ, which is achieved by multiplication (from the left) with Ψ * and integrating over r, hence applying a scalar product ⟨Ψ(r)|H|Ψ(r)⟩ = ϵ⟨Ψ(r)|Ψ(r)⟩. Introducing the spinors ψ = (c A , c B ), a compact matrix notation is possible. Using Eq. (5) and applying the nearest-neighbor approximation, we find
where the sum e(k) = ∑︀ 3 j=1 e ikb j , as well as the integrals 0 = ⟨ϕ(r − R A )|H|ϕ(r − R B j )⟩ and s 0 = ⟨ϕ(r)|ϕ(r − b 1 )⟩ ≈ 0.07 are defined. Here, 0 is independent of j and corresponds to the interaction energy between carbon atoms ranging from −2.5 eV to −3 eV in graphene [90] . Furthermore, the constant integrals ⟨ϕ(r − R A/B )|H|ϕ(r − R A/B )⟩ describe an energy shift which is set to zero. The overlap integral s 0 breaks the electron-hole symmetry, but its impact is negligible in the vicinities of the Dirac points (K and K' points), where the dispersion is linear in good approximation [38] . Since this article focuses on the carrier dynamics in the low-energy regime, s 0 is omitted and e(k) is expanded around the K point, using k = ξ K + q for small q (|q| ≪ |K|), where ξ = ±1 represents the K and K' point respectively (cf. Fig. 1 ). An expansion to first order
yields the effective Hamiltonian which is valid in the linear region of the dispersion (for energies up to ∼ 1.5 eV)
with the Fermi velocity in graphene v F = − 0 a 0 √ 3/2 ≈ 1 nm/fs [91] . Now, the magnetic field is introduced using the Peierls substitution q → π/ , cf. Eq. (2). To calculate the energy spectrum of the Landau levels, we define the ladder operators [65] 
with the relativistic equivalent of the cyclotron frequency ωc = √ 2v F /l B . Defining the spinor components at the K' point in reverse order ψ K ′ = (c B , c A ), Eq. (10) can be compactly written
Then, the eigenvalue equation where the Landau level index n is defined to be a nonnegative integer (n = 0, 1, 2, . . .). In contrast to conventional two-dimensional electron gases with a parabolic dispersion characterized by equally spaced Landau levels, the energy of Landau levels in graphene shows a squareroot dependence on the index n. This is a consequence of the linear electronic dispersion. Furthermore, the spacings between the Landau levels increase with the square root of the magnetic field, cf. Fig. 2 . Another peculiarity of Landau-quantized graphene is the existence of a zeroenergy Landau level (with λ n=0 = 0 by definition) which gives rise to the relativistic quantum Hall effect [55, 56] . So far, the impact of the external magnetic field on the electron's orbital degrees of freedom was discussed. Besides this interaction with the electron charge, the magnetic field also interacts with the magnetic moment due to the electron spin. This leads to a lifting of the spindegeneracy in the Landau level spectrum (Eq. (12)) and a separation of each Landau level into two spin branches. The energy splitting ∆E Z = gµ B B of electrons with opposite spins is called the Zeeman effect and depends on the material's g factor, the Bohr magneton µ B = e 0 /2m 0 , and the magnetic field strength B [65] . Note that the direction of the magnetic field is irrelevant for the Zeeman effect, while the in-plane motion of the electrons is affected only by the perpendicular component of the magnetic field. This fact was exploited by Zhang et al. to determine an approximation for the g factor of graphene [92] g ∼ 2, which in fact agrees with the value for the bare electron. For a typical magnetic field of B = 4 T, a Zeeman splitting of ∆E Z 0.5 meV is obtained. However, impurity-induced Landau level broadening is in the range of a few meV, as will be further discussed below. Therefore, assuming that the Zeeman splitting is superimposed by a larger energy broadening, we can focus on the orbital degrees of freedom. Similarly, the lifting of the valley-degeneracy by the spin-orbit interaction is also expected to be weak in graphene [65] and will therefore be neglected.
Degeneracy of Landau levels
The cyclotron orbits located at every cell of the magnetic superlattice lead to a degeneracy of each Landau level. The latter is given by the number of electronic orbits that fit into the considered area of graphene A [65, 93] . In order to calculate the Landau level degeneracy and to incorporate all magnetic degrees of freedom into the description, the motion of the electron on a cyclotron orbit is considered. In a semi-classical picture it can be described by the position operator r = X + η, (14) which is decomposed into the guiding center X and the cyclotron coordinate η. While the latter is perpendicular to the kinetic momentum and given by η = 1/(e 0 B)(πy , −πx), the guiding center operator X can be related to the pseudomomentumπ from Eq. (3) via X =π/(e 0 B). This yields the
showing that the components of the guiding center operator, just like the components of the kinetic momentum, are conjugate variables. Therefore, in analogy to the ladder operators defined in Eq. (9), ladder operators are defined
satisfying the commutation relation
is satisfied by the eigenstates |m⟩. Since the ladder operators d † and d commute with the Hamiltonian, the cyclotron motion may be completely characterized by the quantum numbers n and m. Consequently, the spinor in Eq. (13) is extended to include the m-dependence
The quantum numbers in the absence of a magnetic field qx and qy are thus replaced by the quantum numbers n and m, where n is connected to the magnitude of the kinetic momentum |π| = √ 2n + 1/l B and m expresses the position of the cyclotron orbit.
Finally, the area of a cyclotron orbit is given by the uncertainty connected with its guiding center operator ∆X∆Y = 2πl 2 B , which is a result of the non vanishing commutator [65] [X, Y] = il 2 B , and yields the degeneracy of each Landau level
The quantum number m may therefore assume integer values in the range [0, N B − 1].
Wave function in Landau-quantized graphene
In analogy to the case without a magnetic field, the wave function is defined as a superposition of the two sublattice wave functions from Eq. (5)
Note that there are two main differences induced by the presence of a magnetic field: (i) The coefficients c l are now wave functions describing the impact of the magnetic field on the motion of the charge carriers. In general, these wave functions depend on the position of the charge carriers in graphene r. Based on the same assumption that justifies the use of the Peierls substitution, a 0 ≪ l B , the position-dependence of c l is restricted to lattice sites R in good approximation (R = R A without loss of generality). Then, the coefficients c A and c B are given by the spatial representation of the spinor in Eq. (17) through the relation ⟨R|ψ⟩ = (c A , c B ) which yields
The wave function is normalized according to
The explicit form of ⟨R|n, m⟩ is given by [94] ⟨R|n, m⟩
with the vector R = (R, φ) in polar coordinates, the abbreviationR = R/( √ 2l B ), and the associated Laguerre polynomials L α n .
(ii) The information on the wave vector q (measured from the Dirac point) entering in e i(ξ K+π/ )·R l is lost in the magnetic field. This is an approximation which relies on the fact that our theory only describes the region of linear dispersion around the K points, where the condition |q| / ≪ |K| certainly is satisfied. Another aspect worth mentioning in this context is that the momentum is no good quantum number in a magnetic field anymore. The modulus of the kinetic momentum π can be related to the Landau level index n, while there is an uncertainty relation between πx and πy due to their non-vanishing commutator. As a consequence, |π| is fixed in a specific Landau level but the direction of π is uncertain, hence, in π-space Landau levels form circles around the K points. Consequently, the expectation value of the kinetic momentum is ⟨π⟩ = 0 which serves as a second way of understanding that e iπ·R l / is omitted.
Hamilton operator and coupling matrix elements
Now, the aim is to derive a microscopic model of the carrier dynamics including the coupling of the electronic degrees of freedom with the light field driving the system out of equilibrium as well as the carrier-carrier and carrierphonon interactions determining the relaxation dynamics of optically excited electrons. Moreover, scattering of electrons with impurities is taken into account as a broadening mechanism (pure dephasing) of the Landau level transitions. It has no direct impact on the relaxation dynamics, since the impurities can only change momenta but no energies. To take all these scattering channels into account, we define a many-particle Hamilton operator that incorporates the free-carrier part (H 0 ) as well as carrier-impurity (H imp ), carrier-light (H light ), carrier-carrier (H Coul ), and carrier phonon interactions (H phon )
Introducing Heisenberg field operatorsΨ(r) = 
Free-particle Hamiltonian
The Hamilton operator for carriers in the absence of interactions is determined by the dispersion of electrons ϵ i and phonons ω j and reads
The electronic dispersion ϵ i has already been discussed in detail in Section 2.1.1, cf. Eq. (12) . It includes the magnetic field and the compound index i = (λ i , n i , m i , ξ i , s i ) with λ i denoting the band and n i the Landau level, m i describing the position of the guiding center of the cyclotron motion, while ξ i and s i are the valley and spin indices. Fig. 3 illustrates the phonon dispersion including all six phonon modes appearing in graphene. They are divided into acoustic phonons (A) characterized by in-phase oscillations of the lattice atoms, and optical phonons (O), where the oscillation of neighboring lattice atoms is out of phase. Furthermore, a distinction is made between longitudinal (L), transverse (T), and flexural (Z) phonons. The energetically lowest Landau levels considered in this article are located in close vicinity of the Dirac points. Therefore, neglecting Umklapp processes with a momentum transfer extending beyond the Brillouin zone, the relevant phonon momenta are either small (Γ-phonons) in the case of intravalley processes, or they are ±K in case of intervalley scattering (K-phonons). As will become clear when the corresponding matrix elements are evaluated, the momentum conservation, which restricts the phase space for phonon-induced scattering channels in the absence of a magnetic field, is replaced by a Gaussian factor limiting the available phonon phase space to regions around the Γ and the K points. In the case of optical phonons, the dispersions at the Γ and the K point are considered to be constant in good approximation (cf. the red lines in Fig. 3 
Carrier-impurity Hamiltonian
The scattering of electrons with impurities is represented by the Hamilton operator
where
is the matrix element of the carrier-impurity interaction, and the Gaussian white noise potential U(r) is used to describe randomly distributed impurities. Impurities give rise to a Landau level broadening, as will be discussed in detail in Section 2.3.1. When the broadening is smaller than the inter-Landau level spacing, the levels are well-separated and impurityinduced scattering is only possible within one single level. This results from the fact that carrier-impurity scattering is an elastic scattering mechanism, and as such does not affect the energy of individual charge carriers but only results in a Landau level broadening. While the impurity average (see for example Ref. [98] ) of a single impurity potential D if is zero, the impurity average involving a product of two impurity potentials does not vanish (cf. Ref. [73] ).
Carrier-light Hamiltonian
The interaction of electrons with the light field is treated classically. Applying the Coulomb gauge and the dipole approximation, the carrier-light Hamilton operator reads
with the elementary charge e 0 , the electron mass m 0 , the vector potential A(t) describing the incident light field, and the optical matrix element M if =´drΨ * f (r)∇Ψ i (r). Note that the vector potential for the light field depends on time only and is considered to be spatially homogeneous, while the vector potential used to describe the magnetic field obeys only a spatial dependence. Both contribu- tions are treated on a different footing which is reasonable since the physical effects of a strong magnetic field and a weak light field are dramatically different. While the former forces the electrons into cyclotron orbits and is consequently incorporated into the wave functions and the energy dispersion, the latter is considered as a perturbation of the system and thus enters the model via a scattering term. The optical matrix element can be calculated analytically within the tight-binding approach yielding [73, 99] 
whereε ± = (êx ∓ iêy)/ √ 2 are Jones vectors describing left and right circularly polarized light [100] . It is convenient to define the polarization direction of light with respect to the magnetic field direction using the convention that σ + -polarization (σ − -polarization) means the angular momentum of the photon is parallel (anti parallel) to the magnetic field. Assuming that the direction of light propagation coincides with that of the magnetic field inducing the Landau levels (and both point into the z-direction), σ + and σ − -polarized light corresponds to left (ε + ) and right (ε − ) circular polarization respectively, where the polarization is defined from the point of view of the receiver. The optically allowed interband transitions are sketched in Fig. 4 . The Kronecker deltas δ n f ,n i ±1 express the optical selection rules in Landau-quantized graphene allowing only transitions between Landau levels with ∆n = ±1. In Section 2.1.2, a connection was established between the quantum number m and the position of the cyclotron orbit. In view of this relation, the Kronecker delta δm i ,m f is interpreted to inhibit the optical coupling of different cyclotron orbits. This is in line with the fact that the photon momenta are negligible compared to the crystal momenta, with the result that purely optical transitions are vertical in the momentum space. The circularly polarized photons needed to excite the Landau-quantized graphene transfer an angular momentum. An electron in the state (n, m) has an angular momentum of mz = n − m [75] . Since the quantum number m is conserved during the carrier-light interaction, the change of the Landau level index n directly reflects ∆mz. Consequently, σ ± -polarized light corresponds to an angular momentum transfer of ∆mz = ±1. This is in agreement with the expectation that can be deduced from the classical electron motion in a magnetic field due to the Lorentz force F L = −e 0 v × B. Note that the Rabi frequency Ω if (t) = (e 0 /m 0 )M if · A(t) appearing in the carrier-light Hamiltonian (Eq. (25)) does not dependent on the mass of the free electron m 0 , since the optical matrix element is proportional to m 0 , cf. Eq. (26).
Carrier-carrier Hamiltonian
The Coulomb-induced carrier-carrier interaction is described by the Hamilton operator Eq. (22)
where the Coulomb matrix element in Fourier representation reads
with the Fourier transform Vq = e 
with the form factor
A´d R|R⟩e iqR ⟨R|. Here, the hat is used to distinguish the operatorR from the position R. Using the abbreviationq = l B q/ √ 2, the form factor reads
where the Gaussian factor e −l 2 B q 2 /2 restricts the momentum transfers to the order of q ∼ 1/l B . This limits the available phase space for carrier-carrier scattering and is the equivalent to momentum conservation in the absence of a magnetic field. In a magnetic field the momentum dependence is integrated out and the matrix element V 12 34 is independent of q. A detailed examination of the form factor reveals that the angular integration in Eq. (29) yields a Kronecker delta δn 1−m1+n2−m2 ,n3−m3+n4−m4 representing the angular momentum conservation of Coulomb scattering, cf. Refs. [65] and [73] for more details on the form factor. Moreover, the Coulomb matrix element obeys the symmetry relations V )︀ * . Note that the electron spin has so far been neglected. Taking it into account would result in Kronecker deltas δs 1 ,s3 δs 2 ,s4 appearing in Eq. (29) reflecting the spin conserving nature of Coulomb scattering.
Furthermore, screening of the Coulomb potential has to be introduced by substituting
in Eq. (28), where the frequency ω is defined via the energy transfer of one of the two carriers involved in the scattering event ω = ϵ 1 − ϵ 3 [101] . Here, the material-dependent relative permittivity (or dielectric function) ϵr(q, ω) = ϵ(q, ω)/ϵ 0 is the unitless ratio of the (absolute) permittivity and the vacuum permittivity. Considering a solid as a gas of electrons and positively charged ions forming a neutral plasma, the charge carriers arrange in an external electric field such that dipoles are induced damping the external field. The material is said to be polarized and the permittivity is a measure of this polarization in response to an electric field. This concept can also be applied to the material's charge carriers itself, since every charge induces an electric field. Therefore, the charge of electrons and ions in a solid is screened by all the other charges in its vicinity. The relative permittivity is composed of a constant part due to the background ϵ bg and a momentum-dependent part stemming from the mobile charge carriers (π-bands in graphene) and can be written as
with the polarizability Π 0 (q, ω). The screening by the background incorporates the effects of the core states, bound electrons (σ-bands in graphene) and the surrounding environment (e.g. the substrate). For suspended graphene ϵ bg = ϵ air ≈ 1 is used, while ϵ bg = (ϵ substrate + ϵ air )/2 is used for supported graphene where the substrate is on one side and vacuum on the other side. The polarizability is calculated in the random phase approximation according to Goerbig et al. [65, 102, 103 ]
(33) Here, δ is a broadening induced by carrier-impurity scattering which is calculated in Section 2.3.1, and
is the Fermi-Dirac distribution with the chemical potential µ, the Boltzmann constant k B , and the temperature T. The exact expression for the form factorF λ ′ n ′ λn (q) can be found in Ref. [65] . At a given magnetic field, Fermi energy (assuming ϵ F = µ), temperature, and Landau level broadening, the polarizability (Eq. 33) may be evaluated numerically for every possible energy transfer ω in dependence of the momentum transfer q. Fig. 5 illustrates the dielectric function for the transition LL 0 → LL +1 (for the parameters B = 4 T, µ = 0, T = 300 K, and δ = 7 meV). While the real part of the dielectric function closely resembles the static limit (cf. Ref. [65, 103] ), the imaginary part gives a considerable contribution in the long wavelength limit. This contribution is important, since the form factor of the Coulomb interaction restricts the allowed momentum transfers q to small values (cf. discussion above).
Note that, as a direct consequence of the violation of momentum conservation in a magnetic field, the vanishing screening in the long-wavelength limit q → 0 does not imply divergences of the Coulomb interaction, although Vq ∝ 1/q. In the absence of a magnetic field, momentum conservation reduces the sum over q in Eq. (28) to a single summand. In contrast, due to the suppression of momentum conservation in a magnetic field, here, the momentum sum has to be evaluated. It is converted into an integral in polar coordinates A/(2π) 2 ∑︀ q →´dq =´dφ´dq q, and yields a factor q which regularizes the divergence of Vq in the limit q → 0.
Carrier-phonon Hamiltonian
The carrier-phonon interaction is described by the Hamilton operator
is the carrier-phonon matrix element with the momentum p, the mode µ of the phonon, and the coupling potential V µ phon (p). The latter quantifies the interaction strength and within the nearestneighbor approximation it can be expressed as
which is obtained in a continuum model for longwavelength phonons. It incorporates the coupling of electrons to phonons via a scalar deformation potential V 1 as well as bond-length modulations V 2 (modulated hopping) [104] [105] [106] [107] . While the deformation potential describes an on-site coupling, where the initial and final electronic states are located on the same lattice site, the modulated hopping term couples electronic states on neighboring sites. Overall, the coupling matrices for acoustic and optical phonons are expressed in terms of the phonon momentum transfer in polar coordinates p = (p, φp), the displacement vector in polar coordinates u = (u, φu), and the angles φ ± p,u = φp ± φu: In the case of transverse acoustic phonons, the modulated hopping becomes important, since here the deformation potential coupling vanishes, that is cos(φ trans p,u = π/2) = 0. Note that the deformation potential is subject to electronic screening, which is particularly strong for small wave vectors [104] . In contrast, the modulated hopping giving rise to the important interaction with optical phonons is not affected by screening.
Finally, the carrier-phonon matrix element is calculated using the coupling potential of the respective mode V phon (Eqs. [36] [37] , and the spinor representation of the wave function
It yields for acoustic phonons
and for optical phonons
where the + sign refers to the transverse mode (ΓTO) and the − sign to the longitudinal mode (ΓLO). While analytic expressions are obtained in the case of Γ phonons, the carrier-phonon interaction strengths ⟨︀ g 0 /2 is the unit cell area and A is the area of graphene which cancels after performing the momentum sum in the scattering rates. The DFT calculations yield phonon dispersion relations showing Kohn anomalies [110] that manifest itself by sharp kinks at high symmetry points in the Brillouin zone. Then, the carrier-phonon interaction strengths can be deduced from the slopes of these kinks as was analytically proven in the same work (Ref. [109] ). Note that the interaction strengths in the case of the Γ phonons are also in agreement with the corresponding DFT calculations [109] . Finally, the form factors F n ′ ,m ′ n,m (p) are the same as in the case of Coulomb scattering. Since a phonon can absorb (or provide) any angular momentum, there are no selection rules for the carrierphonon interaction and restrictions of the corresponding scattering channels are only imposed by the energy conservation.
Microscopic Bloch equations for Landau-quantized graphene
Knowing the full many-particle Hamilton operator including all matrix elements, the temporal evolution of an arbitrary operator O can be derived using the Heisenberg equation of motion i , 111] . Employed on the quantities of interest, the microscopic polarization p if (t) = ⟨a † f a i ⟩(t), and the population probability ρ i (t) = ⟨a † i a i ⟩(t), this approach yields the Bloch equations for Landau-quantized graphene [73] . While the polarization p if is a measure of the optically-induced transition probability from the initial i to the final state f , ρ i is the occupation of state i which is given by the Fermi-Dirac distribution in equilibrium.
In the subsequent sections, the contributions to the Bloch equations stemming from the different parts of the Hamiltonian (Eq. (22)) are investigated. One distinguishes the single particle contributions (H 0 , H imp , H light ), where the set of Heisenberg equations of motion is closed, from the many-particle contributions (H Coul , H phon ) which are characterized by the emergence of an infinite hierarchy of equations. In the latter case, the temporal derivative of a two-operator expectation value (e.g.ṗ if ,ρ i ) couples to a higher-order expectation value, such as C = ⟨a + 1 a + 2 a 3 a 4 ⟩, which itself has a temporal derivative that couples to the next higher order, and so on. To obtain a finite set of equations in the case of a many-particle interaction, the hierarchy is truncated exploiting a correlation expansion [112] .
Besides the need to truncate a finite hierarchy of equations, the Bloch equations for many-particle interactions may further be simplified by applying the Markov approximation which is a scheme to solve a differential equation of the form d dt
with a frequency difference ω, a damping , and a function Q(t), which typically involves higher-order correlations with respect to the quantity of interest x(t). A simple solution is achieved by neglecting the memory kernel of Q(t), which yields
where L ( ω) is a Lorentzian with the broadening . In the limit of a vanishing damping , the Lorentzian becomes a Dirac delta function reflecting the strict energy conservation. Since Landau-quantized graphene is a system with discrete energy levels (cf. Eq. (12)), the limit of a vanishing damping is not applied here. Instead, a finite damping is considered which is equivalent to the Landau level broadening, and can be caused by disorder [113] , or alternatively by interaction with acoustic phonons [114, 115] . Therefore, before the many-particle dynamics of the charge carriers is accessible, the impurity-induced Landau level broadening is determined in the next section. Here, we also include the contributions of the other single-particle terms to the Bloch equations for Landauquantized graphene.
Single-particle contributions
To calculate the Landau level broadening, electronimpurity scattering is taken into account in a selfconsistent Born approximation which was developed by Ando and Uemura in the Green's function formalism [113] , and was later transferred to the density matrix approach [73] . The starting point is the equation of motion for the impurity average of the microscopic polarization p if taking into account the contributions H 0 , H imp , and H light in the Hamiltonian (Eq. (22))
The impurity average constitutes a new correlation -besides the correlation stemming from the expectation value -and also requires at least a classical correlation expansion. An expansion to the lowest order readṡ
with the impurity averaged quantities ρ i , p if involving the averaged products of D if and p if
Here, the energy difference 
where bars indicating the impurity average were omitted for reasons of clarity. Note that Σ = i imp if /2 can be interpreted as the selfenergy of the Green function G = (E − H − Σ) −1 , from which the density of states (DOS) can be deduced (see for example [117] ), and reads
which allows to extract the full width Γ FW = 4
imp if of the broadened Landau levels, as illustrated in Fig. 6 . In addition to the Landau level broadening induced by impurity scattering which is discussed in this section, impurities can also cause a spatial charge inhomogeneity [118, 119] . This is expected to further increase the Landau level broadening. However, since the parameter A imp is chosen to yield broadenings that agree with experimental values, the contribution of spacial charge inhomogeneities has been implicitly considered. 
Many-particle contributions
The lowest order terms in the equations of motion for the many-particle carrier-carrier and carrier-phonon interactions are the mean field contributions corresponding to the Hartree-Fock approximation. They give rise to a renormalization of the energy and of the Rabi frequency resulting in excitonic effects [39] . Since these effects are known to be negligible in the low-energy limit near the Dirac points of graphene [39, 120, 121] , we focus on the terms in secondorder correlation expansion which describe two-particle scattering processes.
Setting up the Heisenberg equations of motion and exploiting the Markov approximation (Eqs. (43), (44)), the contributions to the Bloch equations stemming from carrier-carrier and carrier-phonon scattering are obtained [73] 
with the time dependent scattering rates for carriercarrier
and for carrier-phonon scattering
In these scattering equations, compound indices are used a = (λa , na), including the band index λa, and the Landau level index na. The sums over the index connected to the guiding center of the cyclotron motion ma, the valley index ξa, and the spin index sa have already been performed assuming that neither the occupations nor the polarizations depend on the quantum number m due to the homogeneity of space. (31) is only applicable to the direct term, we neglect the exchange term and thereby employ the shielded potential approximation [101] . Furthermore, the terms
in Eq. (55) describe the Pauli blocking in the Coulomb interaction. In the case of phonon-induced scattering, the terms
describe the emission and absorption of phonons. Both Coulomb-and phonon-induced scattering rates include the Lorentzian
which reflects the energy conservation and appears as a result of the non-vanishing impurity-induced Landau level broadening Γ = imp that is assumed to constitute the dominant dephasing term. Moreover, the phonon occupation npµ, the energy difference for carrier-carrier scattering
and the energy differences
△E em/ab = ϵ f − ϵ i ± ϵp,µ for the emission (+) and absorption (−) of a phonon were introduced. The dynamics of the phonon occupations is not calculated, but the npµ's are considered to be in equilibrium with a bath, and hence given by the Bose-Einstein distribution.
Ultrafast carrier dynamics
In this section, we investigate the ultrafast dynamics of photo-excited charge carriers, where the optical excitation is described by Eqs. (50)- (51), and the many-particle scattering is included via Eqs. (53)- (54) . The optical pulse is expressed via the time-dependent part of the vector potential Fig. 4 , we investigate the corresponding contributions separately. Then, combining both contributions, an excitation pulse of an arbitrary polarization (circular, linear, or elliptical) can be constructed. It is expedient to define A ± 0 ∈ {0, 1}, which allows to express the amplitude of the Gaussian envelope function in terms of experimentally accessible parameters: (i) energy transfer per unit area called pump fluence ϵ pf , and (ii) the full width at half maximum (FWHM) of the pulse intensity σ exp FWHM . Under the assumption that the pulse width is much larger than its period T = 2π/ω, this yields
Another characterization of the optical excitation strength is the pulse area
where Ω env if is the envelope of the Rabi frequency. The area Θ if provides an effective pumping strength, since it determines the final values of p if , ρ f , and ρ i after the pump pulse, if no dephasing of the polarization is present, and it reads
In the absence of a dephasing, a pulse with the area Θ if = π effects a complete inversion of the occupations, while a pulse with the area Θ if = 2π reconstitutes the initial conditions of p if , ρ f , and ρ i . The pump-induced occupation change increases with an increasing fluence and width of the pulse, however it scales inversely with the resonance energy of the transition, cf. Eq. (64). Fig. 7a illustrates the x-component of a circularly polarized excitation pulse (σ + -polarized) with typical values for the pump fluence (ϵ pf = 0.14 µJcm −2 ), width (σ exp FWHM = 1 ps), and an excitation energy which is in resonance with the inter-Landau level transition LL −1 → LL +2 (175 meV at B = 4 T). The slowly varying Gaussian envelope function Aenv(t) (cf. thick orange line in Fig. 7a ) is modulated by a fast oscillation with the period T ≈ 24fs (cf. thin yellow line in Fig. 7a ) which is due to the cosine in Eq. (62) . The spectrum of this exemplary pulse is narrow compared to the Landau level spacings, cf. Fig 7b, and is of the same order as the impurity-induced level broadening, cf. Eq. (49) . Therefore, pulsed excitations of Landau-quantized graphene on picosecond timescales can be used to address specific transitions between Landau levels and the pumping of off-resonant transitions may be neglected. The dynamics of the occupations as well as the polarization, involved when the transition LL −1 → LL +2 is optically excited, are shown in Fig. 7c . The polarization oscillates with the transition frequency △ω −1,+2 , it has an envelope function resembling that of the excitation pulse, and it shows a phase shift of π/2 between the real and the imaginary part. At the same time charge carriers are excited from LL −1 (decrease of ρ −1 ) to LL +2 (increase of ρ +2 ). While the polarization decays after the optical excitation due to the impurity-induced dephasing (cf.
imp if in Eq. (51)), the occupations remain constant after the pump pulse, since manyparticle scattering acting during and in particular after the pulse is not included so far. The increase of the energy density during the optical excitation is illustrated in Fig. 7d corresponds to the absorbed pump fluence with ϵ abs pf ≈ 0.022ϵ pf . It is smaller than the pump fluence of the excitation pulse ϵ pf since one layer of graphene absorbs only a fraction of the incoming radiation. The obtained ratio of absorbed to applied pump fluence of 2.2% is in good agreement with the experimentally observed value [122] .
The semi classical description of the carrier-light interaction considered so far captures the Rabi oscillations comprising of the optical excitation as well as the stimulated emission. However, the spontaneous emission leading to a radiative decay is not included, since it occurs on a longer time scale compared to the dynamics discussed here. To demonstrate this, the radiative decay rate is approximated using a simple approach based on Fermi's golden rule [123] 
where the sample is assumed to be in a cavity with volume V. Here, k is the wave vector, ω k = c|k| is the angular frequency of a photon, and ϵ σ is the polarization vector for circularly polarized light. Assuming an infinite volume V, the k-sum can be transformed into an integral ( ∑︀ k → V /(8π 3 )´dk), and, using the expression for the optical matrix element (Eq. (26)), one finds
where a correction of the vacuum light velocity due to the background refractive index n bg = √ ϵ bg is introduced through c → c/n bg . For reasons of clarity, the Kronecker deltas δ ξ i ,ξ f δm i ,m f δ n f ,n i ±1 were omitted, hence, we have to keep in mind that spontaneous emission can only occur for optically allowed transitions (cf. Eq. (26)). This yields the radiative decay time τ +2,−1 = Γ −1 +2,−1 ≈ 28 ns for the transition LL +2 → LL −1 in Landau-quantized graphene on a SiC substrate. Therefore, considering the ultrafast carrier dy- namics on femto-to picosecond timescales, the radiative decay is negligibly small in Landau-quantized graphene.
Carrier-carrier scattering
Carrier-carrier scattering mediated by the Coulomb interaction is known to be one of the most important scattering channels in semiconductors. In this section, its impact on the carrier dynamics in Landau-quantized graphene is investigated. In graphene the linear dispersion enables efficient Auger scattering, which is a scattering process characterized by one carrier changing the band while the other carrier remains in its initial band. The first experiment measuring the carrier dynamics in Landauquantized graphene was performed by Plochocka et al. in 2009 [66] . Investigating rather high-energetic Landau levels (n ∼ 100), they found a suppression of Auger processes as a consequence of the non-equidistant level spacings suggesting an overall suppression of Auger processes in Landau-quantized graphene [66] .
Recently, the impact of Auger scattering to the low-energetic Landau levels was addressed in a joint experiment-theory study [70] combining microscopic modeling with polarization-resolved pump-probe experiments that have been performed by M. Mittendorff, S. Winnerl, and M. Helm at the Helmholtz-Zentrum DresdenRossendorf. The possibility to measure the differential transmission of selected Landau level transitions arises due to the non-equidistant Landau level spectrum and the optical selection rules dictating n → n±1. Using an optical excitation with an energy matching the transition energy ϵ 0,+1 = ϵ −1,0 , the two allowed transitions among the Landau levels LL −1 , LL 0 and LL +1 can be selected via the rotational direction of circularly polarized radiation, cf. Fig. 8 . This results in four possibilities to combine pump and probe pulse polarization, cf. Fig. 8 . Considering only the optical excitation, one expects a positive differential transmission (DT) of the probe pulse if the same polarization is used for both pulses (pump and probe), since the excitation of charge carriers enhances the Pauli blocking in this case. Conversely, if an opposite polarization is used for the pump and probe pulses, the optical excitation results in a suppression of Pauli blocking for the probe pulse with the result of a reduced transmission, hence we expect a negative DT signal. To explain these surprising experimental results, taking into consideration carrier-carrier scattering turns out to be of crucial importance. Moreover, to achieve an agreement between experiment and theory, a finite doping needs to be introduced to break the electron-hole symmetry. In an undoped system, the two configurations σ The assumption of a finite doping is further supported by experimental studies showing that multilayer epitaxial graphene samples grown on the Cterminated face of SiC (such a sample is used in the experiment) have a finite n-doping due to a charge transfer from the SiC substrate [124, 125] . Therefore, for the theoretical calculations a doping is assumed leading to an excess of electron concentration of 6×10 10 cm −2 corresponding to a Fermi energy of ϵ F = 28 meV. Using the Coulomb interaction determined within our microscopic approach (Eq. 29) including initial Landau level occupations corresponding to the assumed doping of the sample, the differential transmission is calculated, cf. middle panel of Fig. 9 . To this end, the dynamics of the occupations is calculated using Eqs. (50), (51) and (53), (54) . Then, the differential transmission is obtained exploiting the relation DTS if ∝ ( ρ f − ρ i ) [126] , where i and f denote the initial and final states of the probed transition, and ρ is the occupation change induced by the pump pulse and all scattering channels that are activated by it. This yields a good agreement with the measured results, cf. upper and middle panel of Fig. 9 , providing valuable insights into the underlying carrier dynamics. The theoretical calculations give access to the temporal evolutions of the involved Landau level occupations ρ +1 , ρ 0 and ρ −1 after the application of a σ ± -polarized pump pulse, cf. Fig. 10 , allowing us to explain the unexpected behavior in DT spectra. To identify the role of different scattering channels, they are separately switched on and off, cf. the solid gray line illustrating the dynamics due to carrier-carrier scattering only, and the dashed gray line indicating the phonon-induced dynamics. Note that the phonon-induced relaxation rates following from the microscopic description of the carrier-phonon scattering are not sufficiently strong to account for the fast decay rates observed in the experiment. However, the focus here lies in understanding the dynamics in the first few picoseconds after the optical excitation. Therefore, the carrierphonon scattering is increased in order to match the experimentally observed decay rates at long times. Note that this fit does not change the dominant role of the Auger processes in the first ps. Pumping with σ + -polarized radiation, the transition LL 0 → LL +1 is optically addressed which is reflected by a depopulation of LL 0 , while LL +1 is populated, cf. Fig.  10a . At the same time, ρ −1 decreases which can unambiguously be attributed to inward Auger scattering involving the transitions LL −1 → LL 0 and LL +1 → LL 0 , since this feature is not present in the dynamics without carriercarrier scattering. The more interesting case is shown in Fig. 10b , where a σ − -polarized excitation pulse is modeled.
Although this optically induces the transition LL −1 → LL 0 , the occupation ρ 0 shows only a minor increase in the beginning, then it starts to decrease already before the center of the pulse is reached. This means that although we optically pump carriers into the zeroth Landau level, its populations decreases. This surprising result can be explained by extremely efficient Auger scattering, which induces the transitions LL 0 → LL −1 and LL 0 → LL +1 , thereby resulting in a quick depopulation of ρ 0 . The crucial role of the Auger scattering becomes apparent by comparing the temporal evolution of ρ 0 to the case without Coulomb scattering (cf. dashed gray lines in Fig. 10b) . Here, as expected, the population of the zeroth Landau level only increases during the entire time of the optical excitation.
To shed further light on the qualitatively different behavior when pumping with σ − and σ + -polarized excitation, the relative excitation strengths between both cases is examined. Fig. 11 illustrates, how doping influences the pumping strength of the two optically allowed transitions in terms of Pauli blocking. Assuming a positive Fermi energy, pumping the transition LL 0 → LL +1 (σ + ) is more efficient, since the transition LL −1 → LL 0 induced by σ − light is strongly suppressed by Pauli blocking. This explains the higher impact of Auger scattering when a σ − -polarized excitation is applied resulting in the theoretically predicted and experimentally observed unexpected behavior in differential transmission spectra [70] . To sum up, sophisticated polarization-dependent pump-probe spectroscopy and microscopic modeling provide proof for efficient Auger scattering among the lowest Landau levels of graphene. The unexpected sign measured in polarization-resolved differential transmission spectra emerges since Auger scattering depopulates the zeroth Landau level faster than it is filled by optical excitation. This surprising effect appears, when the pumping efficiency is decreased due to an enhanced Pauli blocking as a result of a finite doping.
Carrier-phonon scattering
In this section, the impact of carrier-phonon scattering on the relaxation dynamics of Landau-quantized graphene is addressed. To this end, focusing on the three energetically lowest Landau levels, the dynamics of photo-excited charge carriers is investigated. Using a linear polarized excitation pulse of width σ exp FWHM = 1.8 ps, and pump fluence ϵ pf = 1 µJcm −2 , the phonon-induced relaxation to equilibrium is examined, cf. Fig. 12 . First, we discuss the impact of acoustic phonons, before the dynamics due to the optical phonon modes is analyzed in more detail. 
Acoustic phonons
Since the momentum is not a good quantum number in Landau-quantized graphene, the phase space for phonon scattering is not restricted by momentum conservation. However, the carrier-phonon matrix element contains a Gaussian factor e −l 2 B q 2 /2 (cf. Sect. 2.2.5) that limits the available phonon phase space to small q, thereby also restricting the maximal accessible phonon energy ϵac = νac |q|. Therefore, acoustic phonon scattering is negligible for
Setting the phonon energy equal to the energy of an interLandau level transition ϵ if = ϵ f − ϵ i up to a detuning given by the impurity induced Landau level broadening
, that is, ϵac = ∆ϵ if − Γ if , the phonon momentum q is obtained and can be plugged into Eq. (67). This yields
which does not depend on the magnetic field, but is solely determined by the transition under investigation and the parameter describing the impurity concentration A imp . Since the velocity of acoustic phonons is much smaller than the Fermi velocity (by a factor of ∼ 10 −2 ), the factor (v F /νac) 2 is large. For impurity-induced broadenings of 4meV, 7meV and 10meV, the minimum of α n,n+1 is illustrated in Fig. 13 . Here, we focus on intraband transitions between neighboring Landau levels LLn → LL n+1 , since their transition energy is minimal. Furthermore, we take into account the ΓLA-mode, since its velocity νac is larger compared to the ΓTA-mode [97] . We find that scattering with acoustic phonons is very small within the energetically lowest Landau levels up to n = 5 for broadenings not larger than 10meV, cf. 13. Consequently, the influence of acoustic phonons is neglected in the remainder of this work.
Optical phonons
The energy of optical phonons at the relevant highsymmetry points in the Brillouin zone of graphene is constant in good approximation, cf. Fig. 3 . Therefore, phononinduced transitions between Landau levels are strongly suppressed unless the respective transition is in resonance with the phonon energy. Since the transition energy depends on the magnetic field strength, cf. Eq. (12), the value of the magnetic field has a strong impact on the efficiency of carrier-phonon scattering. To study the magnetic field dependence of phonon-induced relaxation, the carrier dynamics is investigated for the exemplary ΓTO-mode [71, 72] . Considering only a single optical mode has the advantage of allowing an easier interpretation of the results. The gained insights can be readily generalized to other modes. Solving the Bloch equations (50), (51) and (53), (54) , the temporal evolution of the polarizations p if and the occupations ρ i is obtained. Furthermore, we have access to the corresponding carrier-phonon relaxation rate µ(t) = 
1/A ∑︀
)︁ that is defined as the occupation change due to the emission and absorption of phonons. It reflects the interaction strength of the mode µ and is explicitly calculated in every time step during and after the optical excitation. The temporal evolution of ΓTO (t) incorporating the transitions LL +1 → LL 0 and LL 0 → LL −1 (cf. Fig. 12 ) is shown in Fig. 14 and illustrates a pronounced peak at a magnetic field of B = 26.4 T. This value corresponds to an inter-Landau level spacing between LL ±1 and LL 0 matching the optical phonon energy. At different values of the magnetic field the energetic distance of the Landau levels changes and is detuned away from the resonance, consequently, the scattering rate decreases. The temporal decay of the scattering rate after the initial increase during the excitation is faster at the resonant magnetic field, which reflects the efficient phononinduced equilibration of the system in this case. Considering transitions between other Landau levels, the resonance condition is met at different values of the magnetic field, including the experimentally more realistic regime of values of the order of 1 T.
The carrier-phonon scattering is very sensitive to the temperature that directly influences the phonon occupation npµ given by a Bose-Einstein distribution. Therefore, the scattering rates S in/out j (t)| phon (cf. Eq. (56)) as well as the relaxation rate µ(t) strongly depend on temperature. While phonon emission scales with (npµ + 1) and is always possible provided that it is not forbidden by Pauli blocking, the absorption rates obey a npµ dependence and are therefore strongly suppressed at small temperatures ( 200 K). Both emission and absorption rates increase with the temperature, whereas the overall relaxation rate (emission minus absorption) decreases, cf. Fig. 15 . This is caused by Pauli blocking favoring the phonon absorption, at least in a weakly excited system without a population inversion. At low temperatures the phonon occupation npµ is negligible compared to (npµ + 1). As npµ increases with the temperature, the prefactors for the emission (npµ + 1) and absorption npµ of phonons become comparable and similar to 1, and the Landau level occupations determine the respective scattering rates. The interplay between electron and phonon occupations results in an equilibration of the electronic system with the lattice, and to the emergence of the equilibrium Fermi-Dirac and Bose-Einstein distributions, respectively.
There are also recent studies investigating the phonon-induced relaxation rates exploiting Fermi's golden rule as well as the Huang-Rhys's lattice relaxation model [68, 69, 127] . Li and co-workers considered twophonon scattering processes to bridge the inter-Landau level gap observing very slow relaxation times on the nanosecond time scale [127] . In their approach, besides the considered optical phonon, an additional acoustic phonon is introduced to ensure energy conservation. Taking into account the coupling of electrons to remote substrate phonons [128, 129] , in Ref. [69] Wang et al. considered graphene on different polar substrates, which enables two-phonon scattering involving an acoustic and a polar surface optical phonon. This reveals relaxation rates that can reach the picosecond regime.
To sum up, carrier-phonon coupling can be drastically enhanced by tuning the magnetic field towards a resonance between the inter-Landau level energy and the optical phonon energy, giving rise to relaxation times on a picosecond time scale. The impact of acoustic phonon scattering on the carrier dynamics is negligible for lowenergetic Landau levels unless the level broadening becomes so high that the Landau levels are not wellseparated anymore.
Application-relevant many-particle phenomena
This section deals with potential applications of Landauquantized graphene, where a strong external magnetic field provides an experimental knob by means of which the properties of graphene can be tuned. An investigation of the carrier dynamics reveals that the magnetic field yields promising possibilities that could be useful for the design of new optoelectronic devices. However, to exploit the unique properties of Landau-quantized graphene, the remaining substantial challenge is to implement magnetic fields into real devices. This could be, for example, achieved by growing graphene on ferromagnetic substrates or to use strain engineering to induce gauge fields that create pseudo-magnetic fields [130, 131] .
Having established that Auger scattering is efficient between certain Landau levels of graphene in Section 3.1, it shall now be shown that this opens up the possibility to achieve a significant carrier multiplication (CM) [73] . This process, which is also referred to as multi exciton generation, is characterized by an increased number of excited charge carriers (electron-hole pairs) due to Auger scattering bridging the valence and conduction bands. The prediction of carrier multiplication for semiconductor quantum dots in 2002 [45] and its experimental verification two years later [132] has attracted much attention [133] [134] [135] [136] [137] [138] and the concept has since been extended to other materials [41, 43, 44, 73, [139] [140] [141] [142] [143] . Its high relevance stems from the fact that it holds the potential to increase the power conversion efficiency of single-junction solar cells [144] above the Shockley-Queisser limit [145] . Moreover, carrier multiplication enables a fast detection of photons with a high responsivity. In graphene, the occurrence of carrier multiplication was theoretically predicted [41, 42] and experimentally confirmed [43, 44] . However, to exploit this effect for designing graphene-based photovoltaic devices, the challenge of charge carrier extraction in gapless systems needs to be solved. Here, a strategy to circumvent this problem is proposed by applying an external magnetic field which leads to a Landau quantization. For reasons of simplicity, the following investigation does not take phonon-induced relaxation processes into account, since they are strongly suppressed for magnetic fields that do not produce resonances between electronic transitions and phonon energies, as discussed in Sec. 3.2. The suggested pumping scheme to achieve carrier multiplication is sketched in Fig. 16a . The strategy is to excite charge carriers to LL +4 , which induces an energy conserving scattering process including the transitions LL +4 → LL +1 and LL 0 → LL +1 . This process is denoted as impact excitation (IE), since it effects the excitation of an additional charge carrier. Due to Pauli blocking, the inverse process which is termed Auger recombination (AR) is suppressed. Both IE and AR are Auger processes bridging the valence and conduction bands. As a consequence of the electron-hole symmetry, the discussed electronic transitions in the conduction band can also occur for holes in the valence band. Here, the pump pulse excites holes to LL −4 , and impact excitation induces the transitions LL −4 → LL −1 and LL 0 → LL −1 for holes (not shown). Staying in the electron picture, the transitions for holes must be inverted and correspond to the electronic transitions LL −1 → LL −4 and LL −1 → LL 0 . Therefore, in the pumping scheme illustrated in Fig. 16a , effectively the electronic transitions LL +4 → LL +1 , LL −1 → LL −4 , and LL −1 → LL +1 are induced by Auger scattering. This implies that the occupation of the zeroth Landau level does not change and its particular status as belonging to both bands does not need to be further investigated.
Another consequence of the electron-hole symmetry is the suppression of other Coulomb-induced scattering channels within the energetically lowest Landau levels. Fig. 16b illustrates that intra-and interband scattering does not affect the Landau level occupations in an undoped graphene sample. The optical excitation creates an excess of electrons in LL +4 , while a lack of electrons is induced in LL −4 . Therefore, transitions that transfer electrons out of LL +4 (cf. red arrows in Fig. 16b) , and those that transfer them into LL −4 (cf. blue arrows in Fig. 16b ) are favored. Consequently, their contributions cancel out and carrier-carrier scattering other than Auger-type processes is suppressed.
The carrier dynamics is illustrated in Fig. 17 showing the occupations of LL +4 and LL +1 during a pulsed optical excitation of width σ exp FWHM = 1 ps, pump fluence ϵ pf = 10 −2 µJcm −2 , and an energy matching the transitions LL ∓4 LL ±3 which is ϵ +4 − ϵ −3 ≈ 280 meV for a magnetic field of B = 4 T. The system is considered to be at room temperature and an impurity-induced Landau level broadening of Γ imp = 7 meV is assumed. The dashed lines in Fig. 17 represent the dynamics without Auger scattering. In this case, the occupation ρ +4 simply increases during the optical excitation, while ρ +1 stays constant. Switching on Auger processes results in a transfer of occupation from LL +4 to LL +1 , cf. the difference between dashed and solid lines in Fig. 17 . However, the total increase of ρ +1 (about 10%) exceeds the decrease of ρ +4 (about 5%) by a factor of 2. This agrees with the simple picture sketched in Fig.  16a and is explained by a predominant impact excitation inducing the transitions LL +4 → LL +1 and LL 0 → LL +1 . The magnitude of the carrier multiplication is defined by the ratio between the carrier density change including all scattering channels and the purely pump-induced change of the carrier density:
Here, N is the carrier density and Neq its equilibrium value which corresponds to the thermal carrier distribution at a given temperature, while N opt is the optically induced carrier density (in the absence of Coulomb scattering). To determine the value of CM, the temporal evolution of the carrier density is evaluated from the dynamics of the occupations according to the simple definition N = 4e 0 B/(π ) ∑︀ n≥1 ρn that is valid in an electron-hole symmetric system. The result is shown in Fig. 18 and illustrates an increase of the carrier density due to Auger scattering in particular reflecting the importance of the impact excitation (cf. Fig. 16a ). The value of the carrier multiplication after an optical excitation with a pump fluence ϵ pf = 10 −2 µJcm −2 , an excitation energy of 280 meV, and a pulse width σ exp FWHM = 1 ps is found to be CM ≈ 1.3. Note that the maximal CM that can be achieved within the pumping scheme proposed in Fig. 16a is CM = 1.5. This becomes apparent in a simple example: Considering one excited electron per pumped transition (LL −3 → LL +4 and LL −4 → LL +3 ), there are four photo-excited charge carriers in the system (two electrons and holes, respectively). Then, one impact excitation process per band takes place generating in total two more charge carriers (an electron in LL +1 and a hole in LL −1 ). Dividing the total number of charge carriers after IE has taken place by the number of optically excited charge carriers yields the maximal possible value of CM = 6/4 = 1.5. It is achieved, if all photoexcited charge carriers are involved in an impact excitation process. However, an optical excitation into a higher energetic Landau level is conceivable and is expected to induce higher values of the CM. In general, a low pump fluence is advantageous for CM, since a stronger optical excitation results in an increased asymmetry between the competing IE and AR scattering channels, leading to a faster equilibration of the corresponding scattering rates and reducing the time frame in which IE generates additional charge carriers. Moreover, changes of the initial occupations result in an increasing CM with lower temperatures and higher magnetic fields. Additionally, the CM increases with the magnetic field, as the effective pumping strength is reduced, cf. Eq. 64. Finally, a higher value of the CM is obtained for larger Landau level broadenings. The prediction of carrier multiplication in Landau-quantized graphene presented in this section suggests the design of graphene-based optoelectronic devices, such as photodetectors or even solar cells.
Besides the carrier multiplication, another technologically relevant process could be principally observed in Landau-quantized graphene: the appearance of population inversion suggesting the design of extremely tunable Landau level lasers. The idea of a two-dimensional (2D) Landau level laser dates back to 1986, when H. Aoki pointed out that the energy quantization in 2D semiconductor heterostructures can be utilized to tune the laser frequency and proposed a scheme to create population inversion (PI) in a junction heterostructure [146] . However, in conventional semiconductors the equidistant ladder of Landau levels and the optical selection rules coupling neighboring Landau levels make lasing difficult, since incoming radiation can not only stimulate the emission of photons (inducing an electronic transition to a lower Landau level), but can also be absorbed (inducing an electronic transition to a higher Landau level). This is not the case in graphene, where the linear bandstructure gives rise to a non-equidistant ladder of Landau levels and very specific selection rules in a magnetic field. Therefore, graphene provides better conditions for a Landau level laser, as was pointed out by Morimoto and coworkers [147] .
One can think of generating a population inversion e.g. between LL +2 and LL +1 by strongly optically pumping carriers from LL −3 to LL +2 . Based on the specific optical selection rules and the non-equidistant Landau-level spacing, we can selectively pump carriers into a single Landau level. Due to the strongly suppressed carrier-phonon scattering, an accumulation of carriers can be achieved in LL +2 compared to the LL +1 that remains unpopulated in undoped graphene samples [74] . Furthermore, a more sophisticated scheme has been suggested to create a popu-lation inversion based on Auger scattering [74] , which is remarkable, since Auger processes were shown to reduce the population inversion in graphene without a magnetic field [34] , and have been considered the main obstacle for a graphene-based Landau level laser [66, 148] . The occurrence of a population inversion in this system would suggest the design of graphene-based Landau level lasers that are tunable over a large frequency range via the external magnetic field.
Conclusions
This work provides a review of very recent studies addressing the ultrafast carrier dynamics in Landau-quantized graphene. The focus lies on providing a microscopic view on elementary Coulomb-and phonon-induced scattering processes characterizing the non equilibrium interLandau level dynamics. The theoretical approach is based on the density matrix formalism including an impurityinduced Landau level broadening as well as carrier-light, carrier-carrier, and carrier-phonon scattering channels that dominate the carrier dynamics occurring on femtoto picosecond time scales. Semiconductor Bloch equations are derived for Landau-quantized graphene providing microscopic access to time-resolved dynamics of optically excited carriers between the Landau levels.
Auger processes have been identified as the crucial scattering channel acting on a femtosecond timescale. This is a surprising finding considering the nonequidistant Landau quantization in graphene. However, due to the square-root dependence of the energy on the Landau level index, one can always find transitions that fulfill the conservation of energy opening up the channel for Auger scattering. A recent joint experiment-theory study nicely demonstrates the crucial role of Auger processes by investigating time-resolved and polarizationdependent differential transmission spectra. Efficient Auger processes are shown to even dominate the carrier dynamics during the optical excitation giving rise to an ultrafast depopulation of optically pumped Landau levels. Furthermore, in a recent study, the occurrence of a significant Auger-induced carrier multiplication has been theoretically predicted suggesting the application of graphene in highly efficient optoelectronic devices. The experimental demonstration of this technologically highly relevant effect is still on the agenda of current research. Finally, we discuss the possibility to achieve a population inversion among Landau levels presenting the crucial prerequisite for the design of extremely tunable Landau level lasers.
In summary, the field investigating the carrier dynamics in Landau-quantized graphene is of huge interest both for fundamental as well as application-oriented research. Many interesting ultrafast phenomena still remain to be explored.
